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Abstract
The main result of this paper is the existence of solutions of the equation ∂u = ω for closed (0,1)-
forms with compact support in a complex fiber bundle from some class. This class of bundles contains,
for example, vector bundles. What is important, the solution exists for any base manifold. The solvability
property implies many results about extension and representation of complex analytic and Cauchy–Riemann
functions: Riemann–Hilbert type representation, Hartogs and Hartogs–Bochner phenomena, vanishing of
some cohomology groups, to mention few.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
As it is well known, the ∂-problem forms a main part of complex analysis, but also has deep
consequences on algebraic geometry, partial differential equations and other areas. In general,
it is not easy to solve the equation ∂u = ω. The existence of solution depends mainly on the
geometry of the domain on which the equation is considered. There is a vast literature on this
subject, both in books and papers.
The existence of solutions of the ∂-problem has many consequences, for instance, integral for-
mulas, holomorphic extensions, holomorphic approximations, representations in the Riemann–
Hilbert form, or vanishing of cohomology groups. In this paper we will mainly deal with holo-
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Then many versions and generalizations of this property were considered in complex analysis,
algebraic geometry and partial differential equations, see, for instance, Ehrenpreis [5], Kohn and
Rossi [9], Ivashkovich [8], Laurent-Thiebaut [11], Harvey and Lawson [7], Dolbeault and Henkin
[2], Sarkis [12,13], Andreotti and Hill [1], Dwilewicz [3], Dwilewicz and Merker [4] and many
others.
Here in the introduction we formulate roughly the main results of this paper. The general and
more precise formulation require a little bit of technicalities and we formulate them later.
In this paper, manifolds will be always connected and without boundary. By a domain we
mean an open, connected set with smooth connected boundary. By a Cauchy–Riemann (CR)
function we mean a smooth function that satisfies the tangential CR equations. By smooth we
mean C∞, however the differentiability class in the results of this note can be relaxed signifi-
cantly. We do not want to concentrate on inessential technicalities.
Roughly speaking, we consider complex fiber bundles π :X → B , where X and B are com-
plex manifolds and fibers π−1(p) are biholomorphic to Ck . However, the transition mappings
on X are not necessarily linear on fibers. The manifold X is usually called total manifold and B
the base manifold of the bundle. To simplify terminology, we often identify the fiber bundle with
the total manifold X, if it does not lead to any confusion. A particular case contains vector bun-
dles. A function or a form has compact support along the fibers, if the intersection of the support
with each fiber is compact. A function vanishes at infinity along the fibers if its limit is zero when
the modulus of parameters along the fibers goes to infinity (for precise definitions see Section 2).
Theorem 1.1. (See Theorem 6.1.) Let X be a complex fiber bundle with fiber dimension k. Let ω
be a closed (0,1) form compactly supported along the fibers. Then there exists a unique smooth
function u such that ∂u = ω with the properties:
(1) If k = 1, then u vanishes at infinity along the fibers.
(2) If k > 1, then u is compactly supported along the fibers.
(3) If k > 1 and additionally the form ω has compact support, then u has compact support.
Corollary 1.2. (See Corollary 7.1.) Let X be a complex fiber bundle and let M be a compact,
connected, real hypersurface (without boundary) that divides X into connected open subsets X+
and X−. Then any CR function f on M can be represented as f = f+ − f−, where f+ and f−
are holomorphic in X+ and X−, respectively, and smooth up to M .
Corollary 1.3. (See Corollary 7.2.) Let X be a complex fiber bundle with fiber dimension k > 1.
Let M be a compact, connected, real hypersurface (without boundary) that divides X into con-
nected open subsets X+  X and X−. Then any CR function f on M can be holomorphically
extended to X+ smoothly up to M .
Corollary 1.4. (See Corollary 6.4.) Let X be a complex fiber bundle with fiber dimension k > 1.
Then the first compactly supported cohomology group H 1c (X,O) is equal to zero.
2. Complex fiber bundles
Throughout this paper we consider the following type of complex manifolds, unless otherwise
is stated.
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plex dimension n + k, where n, k = 1,2, . . . . Assume that X is covered (locally finite) by
{Xs}s∈S , where Xs is biholomorphically equivalent to Us × Ck , where Us is a domain in Cn.
Moreover, we assume that coordinates can be chosen on Xs such that
(zs,ws) = (zs1, . . . , zsn,ws1, . . . ,wsk), (zs,ws) :Xs −→ Us × Ck,
with the transition functions
(zs,ws) =
(
fst (zt ), gst (zt ,wt )
)
, s, t ∈ S,
C
k  wt −→ gst (zt ,wt ) ∈ Ck is biholomorphism for each zt . (1)
Sometimes we will identify Xs with Us × Ck if it does not lead to any confusion.
Base manifold. Using only the family {Us, zs}s∈S and transition functions {fst }s,t∈S we get a
complex manifold B , namely the base manifold. We have a natural projection π :X → B .
Complex vector bundles. A particular case of manifolds that have the change of coordinates
mappings as above are vector bundles. In this case, the transition functions gst are linear with
respect to the variables wt :
gst (zt ,wt ) =
(
n∑
δ=1
g1δst (zt )wtδ, . . . ,
n∑
δ=1
gkδst (zt )wtδ
)
, rank
(
g
γ δ
st
)
γ δ
= k. (2)
Compact sets along the fibers. We say that a closed set H ⊂ X of a complex fiber bundle is
compact along the fibers if for any compact set K ⊂ Us there exists a constant C = C(K) such
that
p ∈ H ∩Xs, zs(p) ∈ K ⇒
∣∣ws(p)∣∣ C.
We say that a function (or a form) is compactly supported along the fibers if the support of the
function (or the form) is compact along the fibers.
Vanishing at infinity along the fibers. A function u :X → C vanishes at infinity along the fibers
if for each s ∈ S and a compact set K ⊂ Us we have
lim|ws |→∞
u(zs,ws) = 0 uniformly with respect to zs ∈ K,
that is
∀ε > 0 ∃C ∀|ws | C ∀zs ∈ K
∣∣u(zs,ws)∣∣< ε.
Base manifold as a submanifold of X. If the transition functions (1) for X have additional
property
gst (zt ,0) = 0 for zt ∈ Ut ∩ fts(Us), s, t ∈ S,
then these equations determine a complex submanifold B˜ in X of complex dimension n. The
submanifold B˜ can be identified with the base manifold B defined above.
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The ∂-equation is intimately related to the first cohomology groups and also to the Hartogs
and Hartogs–Bochner phenomena (see, for instance, [11] or [3]). Because of that we need the
following definitions. Here X denotes any complex manifold, not necessarily a complex fiber
bundle.
Definition 3.1. The Hartogs phenomenon (H in short) holds in a complex manifold X if for any
compact set K such that X \K is connected, any holomorphic function defined on X \K can be
holomorphically extended to X.
Definition 3.2. The Hartogs–Bochner phenomenon holds for a domain U X, (HB-U in short),
if any smooth CR function on ∂U can be holomorphically extended to U and smoothly up to the
boundary.
Definition 3.3. The Hartogs–Bochner phenomenon (HB in short) holds in a complex manifold
X if HB-U holds for any domain U X.
4. Cohomology groups with compact support
Let X be a complex manifold. We introduce the qth cohomology group with compact support.
Let F be a sheaf of abelian groups over X, and let V = {Vi}i∈I be a locally finite covering of X
by relatively compact open sets Vi that are homeomorphic to a ball. We define the qth compact
cochain group of F with respect to V , denoted by Cqc (V,F ), as a collection
Γ (Vi0 ∩ · · · ∩ Viq ,F )  {ξi0,...,iq }, ξi0,...,iq ≡ 0 for finitely many i0, . . . , iq ∈ I.
We say that the q-cochain {ξi0,...,iq } as above has compact support. Obviously we have the stan-
dard coboundary operators:
δ :C
q
c (V,F ) −→ Cq+1c (V,F ).
Consequently we can define the group of compact q-cocycles and q-coboundaries
Z
q
c (V,F ) := Ker
[
C
q
c (V,F ) → Cq+1c (V,F )
]
,
B
q
c (V,F ) := Im
[
C
q−1
c (V,F ) → Cqc (V,F )
]
and the qth cohomology group with respect to the covering V , namely
H
q
c (V,F ) := Zqc (V,F )/Bqc (V,F ).
The inductive limit
H
q
c (X,F ) = limV H
q
c (V,F )
is called the qth compact cohomology group of X with coefficients in F . Later on we will work
with H 1c (X,O) or H 1(X,O), where O is the sheaf of germs of holomorphic functions.
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Here we formulate standard properties that relate the first cohomology groups to the Hartogs
phenomenon and the Hartogs–Bochner phenomenon. Precise proofs can be found, for instance,
in [3].
Proposition 5.1. Let X be a complex manifold. Then
(a) H 1c (X,O) = 0 if and only if for any smooth closed (0,1) form ω on X with compact support
there exists a compactly supported solution u of ∂u = ω.
(b) The compact cohomology group H 1c (X,O) is naturally mapped into the standard cohomol-
ogy group H 1(X,O). If H holds for X and moreover X has one end, then the mapping is
injective.
(c) Let X be a noncompact complex manifold. If H 1c (X,O) = 0, then HB holds in X.
(d) Let X be a noncompact complex manifold with one end. We suppose that H holds for X and
that ∂-problem has always a solution. Then H 1c (X,O) = 0 and HB holds in X.
Example 5.2. The opposite implication in Proposition 5.1(c) is not true. Let X= C2 \ {0}. Then
HB holds in X but H 1c (X,O) = 0.
6. Formulation of main results
In this and next sections we formulate the main results. The proof of the main theorem is
given in Section 9.
Theorem 6.1 (Main theorem). Let X be a complex fiber bundle with fiber dimension k. Let ω
be a closed (0,1) form compactly supported along the fibers. Then there exists a unique smooth
function u such that ∂u = ω with the properties:
(1) If k = 1, then u vanishes at infinity along the fibers.
(2) If k > 1, then u is compactly supported along the fibers.
(3) If k > 1 and additionally the form ω has compact support, then u has compact support.
Remark 6.2. If k = 1, the support of the function u in the theorem is not necessarily compact.
From the proof of the theorem will be clear that the assumptions can be relaxed. It requires more
technicalities to formulate them. Because of that we shall formulate more general, but also more
technical, results at the very end of the paper.
Corollary 6.3. The above theorem holds if X is a complex vector bundle over a complex mani-
fold B .
Corollary 6.4. If the dimension of the fibers of the complex fiber bundle X is k > 1, then
H 1c (X,O) = 0.
The last corollary immediately follows from Theorem 6.1 and Proposition 5.1(a).
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Corollary 7.1. Let X be a complex fiber bundle and let M be a compact, connected, real hy-
persurface (without boundary) that divides X into connected open subsets X+  X and X−.
Then any CR function f on M can be represented as f = f+ − f−, where f+ and f− are
holomorphic in X+ and X−, respectively, and smooth up to M .
Proof. We can extend f to a smooth function F in such a way that suppF lies in an arbitrarily
small neighborhood of M and ∂F |M = 0 vanishes to infinite order. We define
ω =
{
∂F on X+,
0 on X−.
Since ω is a smooth (0,1)-form with compact support, therefore, using Theorem 6.1, the equation
∂u = ω has a smooth solution u. So we have
∂(F − u) = 0 on X+, i.e., F − u is holomorphic on X+,
∂u = 0 on X−, i.e., u is holomorphic on X−,
and furthermore
F = (F − u)− (−u), F |M = f.
Obviously the components of the decomposition are smooth. 
Corollary 7.2. Let X be a complex fiber bundle with fiber dimension k > 1. Let M be a compact,
connected, real hypersurface (without boundary) that divides X into connected open subsets
X+  X and X−. Then any CR function f on M can be holomorphically extended to X+
smoothly up to M .
Proof. This corollary immediately follows from Corollary 6.4 and Proposition 5.1(c). 
8. Closed (0,1)-forms on complex fiber bundles
The forms of type (0,1) on the manifold X in local coordinates
(z,w) = (zs,ws) = (zs1, . . . , zsn,ws1, . . . ,wsk) on Xs = Us × Ck
are (we drop the index s for simplicity)
ωs(zs,ws) = ω(z,w) =
n∑
α=1
aα(z,w)dzα +
k∑
γ=1
bγ (z,w)dwγ . (3)
About these forms we assume that they are compactly supported along the fibers, just recall, for
any compact set K Us , s ∈ S, there exists a constant C = C(K) such that
ωs(zs,ws) ≡ 0 for zs ∈ K, |ws | C. (4)
The assumption that ω is ∂-closed implies that
∂aα
∂z
= ∂aβ
∂z
,
∂aα
∂w
= ∂bγ
∂z
,
∂bγ
∂w
= ∂bδ
∂w
,
α,β = 1, . . . , n,
γ, δ = 1, . . . , k. (5)β α γ α δ γ
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is uniquely determined by its b’s coefficients. Namely,
bγ ≡ 0, γ = 1, . . . , k
⇒ ∂aα
∂wγ
≡ 0, γ = 1, . . . , k
⇒ Ck  w −→ aα(z,w) ∈ C is holomorphic with compact support
⇒ aα(z,w) ≡ 0. (6)
9. Proof of the main theorem
Take two charts with coordinates
Xs  U × Ck, (z,w) = (z1, . . . , zn,w1, . . . ,wk), and
Xt  U ′ × Ck, (z′,w′) = (z′1, . . . , z′n,w′1, . . . ,w′k).
The change of coordinates between them is{
z′ = f (z) = (f1(z), . . . , fn(z)),
w′ = g(z,w) = (g1(z,w), . . . , gk(z,w)).
For δ = 1, . . . , k we define
u(z,w) = uδ(z,w) = 12πi
∫
C
bδ(z,w1, . . . ,wδ−1, ζ,wδ+1, . . . ,wk)
ζ −wδ dζ ∧ dζ . (7)
It is a standard property (see [10, p. 28]) that
uγ = uδ and ∂
∂wγ
uδ(z,w) = bγ (z,w), γ, δ = 1, . . . , k, (8)
actually we can drop the index δ, so the very left-hand side in (7) is justified. Moreover, if k = 1,
the function u vanishes at infinity along the fibers and if k > 1, it has a compact support with
respect to w. Such function u is determined uniquely.
Because of (8), especially the part with the derivative, we can deduce that in another chart
(coordinate system), the function u′δ defined as in (7) will give the same function. However we
make simple computations.
In another chart, say Xt  U ′ × Ck , the form ω′(z′,w′) coincides with ω(z, w) on the inter-
section (U ∩U ′)× Ck and we have the corresponding functions
u′(z′,w′) = 1
2πi
∫
C
b′δ(z′,w′1, . . . ,w′δ−1, ζ,w′δ+1, . . . ,w′k)
ζ −w′δ
dζ ∧ dζ .
Of course, also we have
u′ = u′γ = u′δ and
∂
∂w′γ
u′(z′,w′) = b′γ (z′,w′), γ, δ = 1, . . . , k. (9)
We will prove that u = u′, where both are defined.
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dz′α =
n∑
β=1
∂f α
∂zβ
dzβ, α = 1, . . . , n,
dw′γ =
n∑
β=1
∂gγ
∂zβ
dzβ +
k∑
δ=1
∂gγ
∂wδ
dwδ, γ = 1, . . . , k.
Now we calculate the change of coefficients of dwγ in the form ω from (3). We have
k∑
γ=1
b′γ (z′,w′) dw′γ =
k∑
γ=1
[
b′γ (z′,w′)
(
n∑
β=1
∂gγ
∂zβ
dzβ +
k∑
δ=1
∂gγ
∂wδ
dwδ
)]
=
n∑
β=1
[
k∑
γ=1
b′γ (z′,w′)
∂gγ
∂zβ
]
dzβ +
k∑
δ=1
[
k∑
γ=1
b′γ (z′,w′)
∂gγ
∂wδ
]
︸ ︷︷ ︸
bδ(z,w)
dwδ.
So we got
bδ(z,w) =
k∑
γ=1
b′γ
(
f (z), g(z,w)
)∂gγ (z,w)
∂wδ
. (10)
To simplify calculations, we use the notation
[w]δ(ζ ) = (w1, . . . ,wδ−1, ζ,wδ+1, . . . ,wk).
Using (9) we have
∂
∂ζ
[
u′
(
f (z), g
(
z, [w]δ(ζ )
))]= k∑
γ=1
b′γ
(
f (z), g
(
z, [w]δ(ζ )
))∂gγ (z, [w]δ(ζ ))
∂wδ
. (11)
Then we calculate the integral (7), using (10) in the second equation and (11) in the third one,
we obtain
u(z,w) = 1
2πi
∫
C
bδ(z, [w]δ(ζ ))
ζ −wδ dζ ∧ dζ
= 1
2πi
∫
C
1
ζ −wδ
k∑
γ=1
b′γ
(
f (z), g
(
z, [w]δ(ζ )
))∂gγ (z, [w]δ(ζ ))
∂wδ
dζ ∧ dζ
= 1
2πi
∫
C
1
ζ −wδ ·
∂
∂ζ
[
u′
(
f (z), g
(
z, [w]δ(ζ )
))]
dζ ∧ dζ
= u′(f (z), g(z,w)).
We proved that the function u is globally defined on X, vanishes at infinity along the fibers if
k = 1 and if k > 1, u is compactly supported along the fibers. The form ∂u is ∂-closed and in
each chart Xs the b’s coefficients are the same as for the form ω. From uniqueness (6) we have
∂u = ω. The first and second parts of the theorem are proved.
To prove the third part, assume that suppω is compact and k > 1. We can consider two cases:
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2. The base manifold B is not compact.
The first case is obvious because the solution u vanishes for |ws | sufficiently large, uniformly
if zs belongs to any compact subset of Us .
In the second case, let Y be the noncompact component of X \ (suppω). It is easy to see that
X \ Y is compact since X is a complex fiber bundle and B is connected. Consequently π(X \ Y)
is a compact subset of B . Since the solution u vanishes for |ws | large, therefore it is identically
zero on Y .
10. More technical formulation of the results
Recall the form ω in the chart Xs  Us × Ck ,
ωs(zs,ws) = ω(z,w) =
n∑
α=1
aα(z,w)dzα +
k∑
γ=1
bγ (z,w)dwγ . (12)
If the form ω is closed and consequently Eqs. (5) are satisfied, then it is enough to assume that
aα , α = 1, . . . , n, vanish at infinity along the fibers to get their uniqueness in terms of bγ ’s, like
in (6).
Looking at the definition of the function u, compactness of support of ω along the fibers can
be replaced by compactness of support along the fibers of the coefficients bγ . Also compactness
of support of ω can be replaced by compactness of support of {bsγ }s∈S , i.e., the set where these
coefficients are not zero is compact in X.
Now we can formulate the theorem.
Theorem 10.1. Let X be a complex fiber bundle with fiber dimension k. Let ω be a closed (0,1)
form as in (12) and such that the coefficients bγ are compactly supported along the fibers and
the coefficients aα vanish at infinity along the fibers. Then there exists a unique smooth function
u such that ∂u = ω with the properties:
(1) If k = 1, then u vanishes at infinity along the fibers.
(2) If k > 1, then u is compactly supported along the fibers.
(3) If k > 1 and additionally the coefficients {bsγ } have compact support in X, then u has com-
pact support.
The part (3) of Theorem 10.1 also can be extended to k = 1, namely:
Corollary 10.2. Under the assumptions of Theorem 10.1 and additionally there exists an open
subset V ⊂ Us such that bγ = bγ (z,w) ≡ 0 for z ∈ V and any w, then the solution u has compact
support for any k  1.
The proof of this corollary is exactly the same as of the part (3) of Theorem 6.1.
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